We consider the Robust Network Design problem, i.e. the problem of dimensioning the capacities on the edges of a graph to serve point-to-point traffic demands subject to uncertainty. The scope of the paper is to investigate when the cut condition is sufficient to guarantee the feasibility for such problem.
Introduction
Let G(V, E) be an undirected graph with capacity installation costs for the edges. Let D be the set of traffic matrices and let D ∈ D be a feasible traffic matrix to be served, where entry d ij is the amount to be routed from source node i to destination node j. Let K be the set of commodities, where each commodity is a triple (s k , t k , d k ), where (s k , t k ) is a node pair with s k = t k and d k = d s k t k is the (uncertain) amount to be sent from s k to t k . The Robust Network Design (RND) problem consists of finding minimum cost edge capacities such that all D ∈ D can be routed non simultaneously on the network. The capacities are not restricted to be integer numbers. If each commodity must use a single path, then the flows are unsplittable (or non-bifurcated ). If the flow for a commodity can be splitted along different paths, the flows are splittable (or bifurcated ). The routing scheme is called dynamic if it depends on the traffic matrix (each traffic matrix can be routed in a different way), it is called static (or oblivious) if the routing is independent of the matrix (it must be the same for all the matrices). Unlike what happens for static RND, in general dynamic RND cannot be formulated in a compact way and it is not easy to solve [8, 14] . The separation version of the problem is solved by bilevel and mixed integer programs [20] .
For approximation and complexity results for the problem see [8, 13, 14] . An exact algorithm for single commodity RND is given in [7] . In [12] a special case of the problem where the dominant extreme points of the demand polyhedron have a disjoint support is studied. For the RND problem with integer capacities and a single traffic matrix (Network Loading, NL) see [4, 6, 22, 27] . For the problem with integer capacities and demand uncertainty (Robust Network Loading, RNL) see [2, 3, 17, 20] . Additional references can be found in the above mentioned papers. Different models to represent the demand uncertainty have been investigated in the literature. In this paper we focus our attention on two uncertainty models: the hose model [9, 10] and the cardinality constrained model [5] . In the hose model, upper bounds on the traffic generated by each node are set and D includes all the matrices respecting the bounds. The polyhedron is called asymmetric if, for every node i, we have one bound for the incoming traffic b in i ≥ 0 and another one for the outgoing traffic b out i ≥ 0. If we have a single bound b i ≥ 0 on the sum of the incoming and outgoing traffic it is called symmetric. We denote by D(A) (resp. D(S)) the asymmetric (resp. symmetric) hose polyhedron. In the cardinality constrained model each demand d ij is supposed to be an independent symmetric and bounded random variable with nominal valued ij ≥ 0 taking values in
. At most Γ demands can deviate from the nominal value at the same time (for the sake of simplicity we assume that Γ is integer). We denote byD the traffic matrix where each demand is at its nominal value and by D(Γ) the set of feasible traffic matrices when the cardinality uncertainty model is used (Γ polyhedron). The results we present for the Γ polyhedron also hold for the multiple interval model [21] .
Let {S : V − S} be a partition of the nodes (cut), let δ(S) be the set of edges having endpoints in different sets of the partition and let K(S) be the set of commodities having sources and destinations separated by the cut. Cut inequalities (1) provide a necessary condition for a solution x to be feasible.
It is well-known that, in general, even when |D| = 1 (single traffic matrix), the cut condition (1) is not sufficient to ensure the feasibility and more general conditions (metric inequalities [16, 25] ) must be satisfied. However, for the problem with a single traffic matrix, there exist several cases in which the cut condition is indeed also sufficient [15, 18, 23, 24, 26, 28, 30, 31] . See [29] for additional references. The scope of this paper is to investigate what happens in (some of) such cases to the robust problem with dynamic routing (Section 2). Comments on the problem with static routing (Section 2.1) and on what happens if the graph and the demands are directed (Section 2.2) are also made. We also note that, when cut inequalities are enough for feasibility for RND, then cut inequalities plus integrality requirements are a formulation for RNL.
The results
The proofs of the results in this section can be found in [19] . We refer to condition (1) for a single traffic matrix as the single matrix cut condition, and for |D| > 1 as the robust cut condition. Given a traffic matrix D, it is possible to build a graph H D (T, R) having an edge for every commodity and T ⊆ V . G is the supply graph and H D is the demand graph. A graph is called planar if it can be drawn in such a way that no edges cross each other. The regions bounded by the edges are called faces, including the outer (unbounded) one.
For the problem with a single traffic matrix, the single matrix cut condition is sufficient for feasibility when:
(ii) all the commodities share the same source or the same destination (this includes the single commodity case [11] );
(iii) we have only two commodities [15] ;
(iv) H D = K 4 (complete graph on four nodes) or H D = C 5 (cycle of five nodes) or H D is the union of two stars (all the nodes but one connected only to the remaining node) [18, 26, 30] ;
(vi) G is planar and s k , t k are on the boundary of the infinite face for every
(vii) G is planar and there exists a node r ∈ V such that for every k ∈ K either s k and t k are on the outer boundary or r ∈ {s k , t Condition i is independent of the demand graph, conditions ii-iv are independent of the supply graph, whereas the others rely on the structure of both the supply and the demand graph. It is easy to see that when condition i holds, cut inequalities are enough to guarantee the feasibility also for the robust problem, independently of the definition of the uncertainty set D. Our aim it is provide conditions under which the pair (G,H D ) respects one of the conditions above for all D ∈ D. If so, robust cut inequalities are enough for feasibility for dynamic RND due to the following theorem.
Theorem 2.1 If, for all D ∈ D, the single matrix cut condition is enough for feasibility, then the robust cut condition is enough for feasibility for dynamic RND.
Let us consider now dynamic RND under hose uncertainty. Conditions iii and v can be used as below.
Lemma 2.2 Let D = D(A) (resp. D(S)). Let
> 0} (resp. I = {i ∈ V : b i > 0}). If |I| ≤ 2, then the robust cut condition is sufficient for feasibility for dynamic RND.
Lemma 2.3 Let D = D(A) (resp. D(S))
. Let H be the graph obtained connecting any source to any destination. If G + H is planar, then the robust cut condition is sufficient for feasibility for dynamic RND. > 0, then the robust cut condition is sufficient for feasibility for RND under dynamic routing.
Lemma 2.5 Let D = D(A).
If G is planar and has two bounded faces F 1 and F 2 such that nodes s 1 , . . . , s p with positive outgoing bounds and all the nodes t 1 , . . . , t q with positive incoming bounds occur clockwise around the boundary of F 1 and F 2 respectively, then the robust cut condition is sufficient for feasibility for dynamic RND.
For a generalization of conditions vi and vii to dynamic RND with D(A) see [19] . When the Γ polyhedron is used, all the above mentioned conditions for the single matrix case can be generalized to dynamic RND, independently of Γ, i.e. on the number of demands that are allowed to change with respect to the nominal value. In fact, the assumption δ ij ≤d ij made on D(Γ) implies that, whend ij = 0, the corresponding demand does not change. Hence, the amount of each demand can vary, but since the amount does not affect the structure of the demand graph (only the origin-destination pairs matter) and no new pairs can have a positive demand, H D has the same structure of HD, for every D ∈ D.
Lemma 2.6 Let D = D(Γ).
If the pair (G,HD) satisfies one of conditions i-viii, then the robust cut condition is also sufficient for feasibility for RND under dynamic routing.
Static routing
It is easy to see that if G is a tree, then the cut condition is sufficient also for the static case. The same happens if D = D(Γ) andD includes only one commodity (s, t, d st ). The rest of the conditions above cannot be generalized to static RND as done for dynamic RND. In fact, for dynamic RND the existence of a feasible routing for each matrix implies the existence of a routing for the robust problem. It is not so for static RND, because we also have to ensure that the routing is the same for all the matrices.
An example showing that the robust cut condition is not sufficient for feasibility for D = D(S) can be found in [20] . As for the Γ polyhedron, even for a two commodity problem when the two commodities share the same source, the robust cut condition does not imply the feasibility for static RND. Let G be the complete undirected graph on three nodes and let the nominal value demands bed 12 =d 13 = 1,d 23 = 0 and suppose that each demand can vary by at most δ ij =d ij and that Γ = 1. Vector x 12 = 2, x 13 = x 23 = 1 satisfies the robust cut condition but it does not allow a static routing. Let the demands be ordered lexicographically and consider realizations D A = [1, 2, 0] and D B = [2, 1, 0]. There is only one feasible routing for D A : d 12 routed 100% on path 1-2, d 13 routed 50% on 1-3 and 50% on 1-2-3. This routing is not feasible for D B (capacity on (1, 2) is exceeded), hence no static routing exists.
Directed graphs
For directed graph, very few conditions in which cuts are sufficient are known for the single matrix problem. If G is a directed tree (a directed acyclic graph that remains acyclic when the orientation of the edges is not considered), then either no feasible solution exists or cut inequalities are sufficient for feasibility. The single matrix cut condition is sufficient for feasibility independently of the supply graph, if and only if all the demands have a common source or a common destination (this includes the single commodity case) [29] . The first condition can be easily generalized to the robust problem, independently of D. As for the second condition, for the hose polyhedron the following holds. > 0, then the robust cut condition is sufficient for feasibility for RND under dynamic routing.
For the Γ polyhedron the following holds.
Lemma 2.8 Let D = D(Γ).
If the demands inD have a unique source or a unique destination, then the robust cut condition is also sufficient for feasibility for RND under dynamic routing.
Conclusions
We investigated when cut inequalities are sufficient for feasibility for dynamic RND. The conditions for the single matrix problem can still be used when the Γ polyhedron is considered, while additional assumptions may be needed if the uncertainty is modeled using the hose polyhedron. When static routing is used, very few results can be proved, because the feasibility of each single matrix problem does not imply the feasibility of the robust problem, if it is not proved that the routing is the same for all the matrices.
